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We study Minkowski's inequality
M x q y F M x q M y , x , y g I n , n s 2, 3 . . . .  .  .w f w f w f
 .I : R is an interval and its reverse for the means
n w x f x .  .is1 i iy1 nM x s w , x s x , . . . , x g I .  .w f 1 nn / f x .is1 i
satisfying the generalized homogeneity equation
M tx s tM x , x g I n , t , tx g I , i s 1, . . . , n , n s 2, 3, . . . . .  .w f w f i
w xBy a result of Aczel and Daroczy 1 , these homogeneous means belong to threeÂ Â
classes of two-parameter families of means. For one class the class called Gini
.  .means , Minkowski's inequality or subadditivity has been studied extensively by
w x w x w x w x w xBeckenbach 2 , Dresher 4 , Danskin 3 , Losonczi 7, 8 , and Pales 9 . The aim ofÂ
this paper is to study the sub- and superadditivity of the other two classes. Q 1998
Academic Press
Key Words: homogeneous means; Minkowski's inequality.
1. INTRODUCTION
Let w be a strictly monotonic continuous function on an interval I and
 . nlet f be a positive function on I. If x s x , . . . , x g I then the1 n
quantity
n w x f x .  .is1 i iy1M x s w 1 .  .w f n / f x .is1 i
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 y1 .w denotes the inverse of w lies between the maximum and minimum
 .of the x 's. M x is called the quasiarithmetic mean of x weighted by thei w f
weight function f.
w x  .Aczel and Daroczy 1 studied the generalized homogeneity of theÂ Â
 .means 1 . They obtained the following:
 .THEOREM AD. If the mean ¨alue 1 satisfies the homogeneity equation
M tx s tM x , x g I n , t , tx g I , i s 1, . . . , n , n s 2, 3, . . . , .  .w f w f i
2 .
 :where I s A, B is an open, half-open, or closed inter¨ al containing the
point 1 and w is strictly monotonic and continuous, f is continuous and
nonnegati¨ e on I, and f is not identically 0 on any subinter¨ al of positi¨ e
length, then M has one of the following forms:w f
 .1r ayban n< < < < x sign xis1 i i a< <M x s sign x sign x , . w f i ibn  / /< < x is1is1 i
a ) b G 0, 3 .
n x b ln xis1 i i
M x s exp , 4 .  .w f n b / xis1 i
1 n x b sin a ln x .is1 i i
M x s exp arctan , a / 0, 5 .  .w f n b / /a  x cos a ln x .is1 i i
where a, b are, apart from the inequalities gi¨ en abo¨e, arbitrary constants.
 .   < <.  < <..In case 5 the maximal inter¨ al I is exp ypr2 a , exp pr2 a , in case
 .  .  .  .4 the maximal inter¨ al is 0, ` , while in case 3 I s y`, ` is also
possible.
 .If in 3 we do not require the continuity of f at the point 0 then the
condition b G 0 is superfluous, only a ) b must hold. If I contains only
 .positi¨ e numbers then 3 goes o¨er into
 .1r aybn a xis1 i
M x s , a ) b. 6 .  .w f n b / xis1 i
 .  .  .To simplify the reference, let us denote the means 3 , 5 , and 6 by
 w x.N , T , and G , respectively. G is also called Gini mean see Gini 5 .ab ab ab ab
 .  .The mean 4 can be obtained as the limit of 6 as a goes to b. Hence we
 .shall denote 4 by G .bb
w xPales 10 observed thatÂ
T x s G x , a, b g R, b / 0, i2 s y1, .  .ab aqi b ayi b
n   < <.  < <..holds for x g I , I s exp ypr2 a , exp pr2 a .
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The Minkowski inequality
nnG x q y F G x q G y , x , y g R s 0, ` , n s 2, 3, . . . , .  .  .  .ab ab ab q
7 .
w x w xwas treated by Beckenbach 2 in the special case a y b s 1. Dresher 4
w x  . w xand Danskin 3 found sufficient conditions for 7 to hold. Losonczi 7
 .proved that Dresher's conditions are also necessary. The inequality 7 was
also considered in the case when the components of x, y are restricted to a
w x w xsubinterval of R ; see Losonczi 8 . Pales 9 characterized the parametersÂq
a, b, c, d, e, f for which
G x q y F G x q G y , x , y g R n , n s 2, 3, . . . , .  .  .ab cd e f q
holds.
The aim of this paper is to study the sub- and superadditivity of the
means N , T .ab ab
2. THE SUB- AND SUPERADDITIVITY OF Nab
Since
N x s G x if x s x , . . . , x , x ) 0, 8 .  .  .  .ab ab 1 n i
N x s yG yx if x s x , . . . , x , x - 0, 9 .  .  .  .ab ab 1 n i
 .  .the sub- and superadditivity of N on a subinterval of 0, ` or y`, 0ab
can be reduced to the sub- and superadditivity of the Gini means. For the
case when the interval I contains both positive and negative numbers we
have
THEOREM 1. Suppose that I is an inter¨ al containing 0 in its interior.
Then the inequality
N x q y F N x q N y , x , y g I n , n s 2, 3, . . . 10 .  .  .  .ab ab ab
 .or its re¨erse inequality holds if and only if a s 1, b s 0, i.e., if N is theab
arithmetic mean.
Proof. Let p ) 0 be such that both p and yp are in I and let
 .  .  .I s 0, p . Applying 10 to I s I , we get by 8 thatq q
G x q y F G x q G y , x , y g I n , n s 2, 3, . . . , .  .  .ab ab ab q
 .  .  .holds. From 10 with I s yI s yp, 0 , we get by 9 thatq
G x q y G G x q G y , x , y g I n , n s 2, 3, . . . . .  .  .ab ab ab q
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Thus we have equality in the above inequalities
G x q y s G x q G y 11 .  .  .  .ab ab ab
n w xfor all x, y g I , n s 2, 3, . . . . By Theorem 9 of Losonczi 8 this is trueq
only if a s 1, b s 0 the other possibility a s 0, b s 1 is excluded by the
.condition a ) b G 0 in Theorem AD .
 .Remark. We can also use the functional equation 11 to prove Theo-
 .rem 1. The function G being continuous, 11 implies thatab
n
G x s c x . . ab i i
is1
Then, by the symmetry of G , we have c s c s ??? s c and finally,ab 1 2 n
 .comparing with 6 , we get a s 1, b s 0.
3. RESTRICTED SUB- AND SUPERADDITIVITY OF Tab
We now consider the sub- and superadditivity of the means T . Sinceab
 .  .  .T x s T x we may and will suppose that a ) 0.ab yab
  < <.  < <..We denote the interval exp ypr2 a , exp pr2 a by I . In order toa
study the subadditivity of T , we have to restrict the domain of the meansab
to J n where J is an interval such that
< 4J : I , J q J s u q ¨ u , ¨ g J : I 12 .a a
holds. We also suppose that J is open since this assumption simplifies the
cases of equality in our inequalities.
THEOREM 2. The inequality
T x q y F T x q T y , x , y g J n , n s 2, 3, . . . , 13 .  .  .  .ab ab ab
holds if and only if the function l defined byab
sin ln sa .
bl s s s 14 .  .ab a
U  < 4is con¨ex on the inter¨ al J s ur¨ u, ¨ g J . The re¨erse inequality holds if
and only if l is conca¨e on JU.ab
Proof. The discrete version of the general comparison theorem for
quasiarithmetic means weighted with weight functions can be stated as
 w x.follows see Losonczi 7, 8 .
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THEOREM L. Suppose that w, c , x are differentiable real-¨ alued functions
on the inter¨ als I, I , I , respecti¨ ely, with non¨anishing deri¨ ati¨ es, k: I = I1 2 1 2
ª I is a differentiable function. The inequality
M k x , y F k M x , M y , x g I n , y g I n , n s 2, 3, . . . , .  .  . .  .w f c g x h 1 2
15 .
 .   .   .. nwhere k x, y s k x , y , . . . , k x , y g I holds if and only if1 1 n n
­ k ­ k
H k u , ¨ , k t , s F H u , t t , s q H ¨ , s t , s 16 .  .  .  .  .  .  . .w f c g x h­ t ­ s
is ¨alid for all u, t g I , ¨ , s g I where1 2
c u y c t g u .  .  .
H u , t s , u , t g I , . Xc g 1c t g t .  .
and H , H ha¨e similar meaning.w f x h
 .  .Equality holds in 15 for fixed n if and only if
x , y , M x , M y g S, i s 1, . . . , n , .  . .i i c g x h
 .where S is the set of all quadruplets u, ¨ , t, s for which equality is ¨alid in
 .16 .
In our case
I s I s J ,1 2
w x s c x s x x s tan ln x a , .  .  .  .
f x s g x s h x s x b cos ln x a . .  .  .  .
A simple calculation shows that
u
H u , t s H u , t s H u , t s tl . .  .  .w f c g x h ab  /t
 .From 16 we get
t u s ¨ t u s ¨
l q F l q l , u , ¨ , t , s g J .ab ab ab /  / /t q s t t q s s t q s t t q s s
 .With p s urt, q s ¨rs, l s tr t q s this can be written as
l l p q l y l q F ll p q 1 y l l q , 17 .  .  .  .  . .ab ab ab
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where p, q g JU and
uq
U<l g u , ¨ g J , p , q g J . 5uq q ¨p
 . U Since l is continuous, 17 is equivalent to the convexity of l on J seeab ab
w x.Hardy, Littlewood, and Polya 6, p. 73, Theorem 88 .Â
For the reverse inequality the proof is similar.
Next we determine the domain of the parameters a, b for which the
 .  .inequality 13 or its reverse holds if J is the maximal possible interval
 .  .satisfying 12 . If this maximal interval is J s m , M thena a a
yp 1 p
exp F m - M F expa a /  /2 a 2 2 a
 .should hold. This system has solution if and only if exp ypr2 a -
 .  .  . .1r2 exp pr2 a s exp p y 2 a ln 2 r2 a , i.e., if
p
a - 18 .
ln 2
 .and if 18 is valid then
J s exp ypr2 a , exp p y 2 a ln 2 r2 a 19 .  .  . .a
 .is the maximal interval with property 12 .
 .THEOREM 3. Suppose that 18 is ¨alid and J is the inter¨ al gi¨ en bya
 .19 .
The inequality
T x q y F T x q T y , x , y g J n , n s 2, 3, . . . , 20 .  .  .  .ab ab ab a
holds if and only if
p p
F a - 21 . /2 ln 2 ln 2
and
g a F b F g a q 2 a cot a . 22 .  .  .2 2
The re¨erse inequality
T x q y G T x q T y , x , y g J n , n s 2, 3, . . . , 23 .  .  .  .ab ab ab a
 .holds if and only if 21 and
g a F b F g a q 2 a cot a .  .1 1
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are ¨alid where a s p y a ln 2 and
21 1 a
g a s y a cot a y q , . (1 22 4 sin a
24 .
21 1 a
g a s y a cot a q q . . (2 22 4 sin a
 .  .Equality is attained in 20 or in 23 if and only if x s ky with some
constant k.
 .  .In 21 a G pr2 ln 2 f 2.2668 while, by 18 , a - prln 2 f 4.5336. Fig-
 .  .  .ure 1 shows the domains of a, b , where 20 and 23 hold.
FIGURE 1
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 .Proof. By Theorem 2 the inequality 20 is equivalent to
u 1
Y Ul s G0 for sgJ s u , ¨ gJ s 2 exp ypra , exp pra .  .  .ab a a 5  /¨ 2
or to
U2 a ab b y 1 y a sin ln s q a 2b y 1 cos ln s G 0, s g J . .  .  .  . a
This can be written as
2b b y 1 y a sin z q a 2b y 1 cos z G 0, z g ya , a . 25 .  .  .  .
 .Case 1. If a s p y a ln 2 ) pr2, i.e., a - pr2 ln 2 then from 25 with
 . 2  .z s "pr2 we obtain that b b y 1 y a s 0. Thus, 25 is reduced to
a 2b y 1 cos z G 0, z g ya , a . .  .
 .Since cos z assumes both positive and negative values in ya , a it follows
 .that a 2b y 1 s 0. We assumed that a ) 0, and hence b s 1r2 and
2  .a s b b y 1 s y1r4, which is impossible. Thus in Case 1 there are no
 .  .pairs a, b for which 25 is satisfied.
Case 2. If a s p y a ln 2 - pr2, i.e., a ) pr2 ln 2 then cos z ) 0,
 .  .z g ya , a . Dividing 25 by cos z, we get
2b b y 1 y a tan z q a 2b y 1 G 0, z g ya , a , .  .  .
which holds if and only if
2b b y 1 y a "tan a q a 2b y 1 G 0. .  .  .
These inequalities can be written as
b2 q b 2 a cot a y 1 y a2 q a cot a G 0, 26 .  .  .
b2 y b 2 a cot a q 1 y a2 y a cot a F 0. 27 .  .  .
It is easy to check that the zeros of the polynomials on the left-hand side
 .  .  .  .  .  .of 26 and 27 are g a , g a and g a q 2 a cot a , g a q 2 a cot a ,1 2 1 2
respectively, and
g a F g a q 2 a cot a - g a F g a q 2 a cot a . .  .  .  .1 1 2 2
 .26 holds if and only if
b F g a or b G g a , .  .1 2
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 .while 27 is satisfied if and only if
g a q 2 a cot a F b F g a q 2 a cot a . .  .1 2
 .These inequalities can be easily united into 22 .
 .Case 3. If a s p y a ln 2 s pr2, i.e., a s pr2 ln 2 then from 25 with
 . 2  .z ª "pr2 we get that b b y 1 y a s 0 and a 2b y 1 cos z G 0, z g
 . 2 2ypr2, pr2 . These hold if and only if b G 1r2 and b y b y a s 0 or if
p 1 1
2a s f 2.2668, b s q q a f 2.82068.(2 ln 2 2 4
 .Since now cot a s 0 it is easy to see that this is the same as 22 .
 .   .  ..If 22 or 26 and 27 are satisfied then we have strict inequality in
 .  . 2  .25 unless b b y 1 y a s a 2b y 1 s 0. The latter condition would
2 Y  . Uimply b s 1r2, a s y1r4, which is impossible. Thus l s ) 0 if s g Jab a
 .and in 17 equality holds only if p s q. Thus
u ¨
S s u , ¨ , t , s s , u , ¨ , t , s g J . . a 5t s
 .By Theorem L equality holds in 13 if and only if
x yi is , i s 1, . . . , n ,
T x T y .  .ab ab
i.e., if and only if x s ky with a suitable constant k.
The proof for the reverse inequality is similar.
Now we study the sub- and superadditivity of T on a subinterval of J .ab a
We have the following result.
 .THEOREM 4. Let a - prln 2 and m, M s J : J .a
The inequality
T x q y F T x q T y , x , y g J n , n s 2, 3, . . . , 28 .  .  .  .ab ab ab
holds if and only if pr2 ln 2 F a and
g a F b F g a q 2 a cot b , .  .2 2
while the re¨erse inequality
T x q y G T x q T y , x , y g J n , n s 2, 3, . . . , 29 .  .  .  .ab ab ab
holds if and only if pr2 ln 2 F a and
g a F b F g a q 2 a cot b .  .1 1
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 .aare true where b s ln Mrm and
21 1 a
g a s y a cot b y q , . (1 22 4 sin b
21 1 a
g a s y a cot b q q . . (2 22 4 sin b
 .  .Equality is attained in 28 or in 29 if and only if x s ky with some
constant k.
Proof. The proof is essentially the same as that of the previous theo-
 .rem. For example, 28 is equivalent to
2b b y 1 y a sin z q a 2b y 1 cos z G 0, z g yb , b . 30 .  .  .  .
 .  .If b ) pr2 then there are no pairs a, b for which 30 holds. By
pr2 - b - p y a ln 2 we obtain the condition pr2 ln 2 F a.
 .  .If b - pr2 then we obtain g a F b F g a q 2 a cot b as necessary2 2
 .and sufficient condition for 28 .
 .If b s pr2 then 28 holds if and only if
p 1 1
2a s , b s q q a .(2 ln 2 2 4
The cases of equality can be handled as in the previous proof.
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